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 LOJASIEWICZ EXPONENT OF A SURFACE: AN INTRINSIC VIEW
E. BILGIN, G. KAYA, AND M. TOSUN
Abstract. In this paper we observe that the  Lojasiewicz exponent L0(X) of an ADE-type singularity
X can be computed by means of invariants of certain ideals in the local ring OX,0. After extending
the notion of  Lojasiewicz exponent to rational singularities of higher multiplicities we make a similar
observation for RTP-type singularities.
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1. Introduction
Let OCN ,0 denote the local ring of locally convergent power series. For a F (z1, . . . , zN ) ∈ OCN ,0
X := (X, 0) = {(z1, . . . , zN ) ∈ (CN , 0) | F (z1, . . . , zN ) = 0}
is a hypersurface with an isolated singularity at the origin. The gradient
∇F = ( ∂F
∂z1
, . . . ,
∂F
∂zN
) : (CN , 0)→ (CN , 0)
is a germ of a complex analytic map with an isolated zero at the origin. The  Lojasiewicz exponent of X
(or equivalently of F ) at the origin, denoted by L0(X) (or by L0(F )) is defined as the infimum of the set{
θ > 0 | ‖z‖θ ≤ c ‖∇F (z)‖, ∃ an open U ⊂ X, ∃ c > 0, ∀ z ∈ U}
where z = (z1, . . . , zN) ∈ CN and ‖z‖ = maxi{|zi|}.
In the sequel, we denote by X := (X, 0) the fiber F−1(0) of F := (f1, . . . , fr) ∈ OCN ,0 and assume
that it is a germ of a surface in (CN , 0). In particular, we will assume that X is surface with a rational
singularity of multiplicity m at the origin. To define the  Lojasiewicz exponent of X , we will use the
natural extension of the  Lojasiewicz exponent of an analytic function to that of an ideal.
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Definition 1.1. [15] Let I :=< f1, . . . , fr > and J :=< g1, . . . , gs > be two ideals in a reduced equidi-
mensional complex analytic algebra. The  Lojasiewicz exponent of I with respect to J , denoted by L(I, J),
is given as the infimum of the set{
θ > 0 | rsup
i=1
|gi(z)|θ ≤ c ssup
i=1
|fj(z)|, ∃ open U ⊂ X, ∃ c > 0, , ∀z ∈ U
}
If this set is empty we say that L(I, J) =∞. Note that L(I, J) <∞ if and only if the variety V (J) is a
subset of the variety V (I).
Proposition 1.2. [15] With preceding notation, we have L(I, J) ∈ Q+.
Let us denote by J(F ) the Jacobian ideal in OCN ,0 generated by ∂F∂z1 , . . . , ∂F∂zN and, by M the maximal
ideal. Hence we have L0(X) = L(J(F ),M).
For different classes of hypersurfaces there exist different methods to compute the  Lojasiewicz exponent.
In the case of (semi)-weighted homogeneous hypersurface singularities, one has:
Theorem 1.3. [7],[13] Let X = {z = (z1, . . . , zN) ∈ CN | f(z) = 0} be a hypersurface with an isolated
singularity at 0 ∈ CN . Assume that f is a semi-weighted homogeneous polynomial with weight w =
(w1, . . . , wN ) and degree d. If 2wi ≤ d for all i then the  Lojasiewicz exponent of X is given by the
formula
(∗) L0(X) = d−min{wi}
min{wi}
i = 1, . . . , N . Otherwise, the  Lojasiewicz exponent of X equals
L0(X) =
N
min
i=1
{ N∏
i=1
( d
wi
− 1), d−minNi=1{wi}
minNi=1{wi}
}
In other words, the  Lojasiewicz exponent of a weighted homogeneous surface with the weights as above
is a topological invariant [9, 1]. Note that the ADE-singularities are the only weighted homogeneous
hypersurfaces in C3 among all rational singularities (see Appendix A for details).
The  Lojasiewicz exponent of an ADE-type singularity, which are weighted by (w1, w2, w3) of degree d,
can be computed directly by Theorem 1.3. Then we have:
Singularity (X, 0) (w1, w2, w3) d L0(X)
An, (n = 2k): z
2
3 + z
2
2 + z
n+1
1 = 0 (2, 2k + 1, 2k + 1) 4k + 2 n
An, (n = 2k + 1): z
2
3 + z
2
2 + z
n+1
1 = 0 (1, k + 1, k + 1) 2k + 2 n
Dn: z
2
3 + z1z
2
2 + z
n−1
1 = 0 (2, n− 2, n− 1) 2(n− 1) n− 2
E6: z
2
3 + z
3
2 + z
4
1 = 0 (3, 4, 6) 12 3
E7: z
2
3 + z
3
2 + z
3
1z2 = 0 (4, 6, 9) 18
7
2
E8: z
2
3 + z
3
2 + z
5
1 = 0 (6, 10, 15) 30 4
In this paper we show that when m = 2, that is when the singularity of X is one of the well known
ADE-type singularities, the  Lojasiewicz exponent can be computed in the local ring of the singularity
instead of the ambient data in (CN , 0) (see Section 4). For this, we use in particular the description of
the  Lojasiewicz exponent given in [15] in terms of the vanishing orders along the exceptional fibre of the
minimal resolution of the singularity of the pull backs of an ideal in the local ring OX,0. More precisely,
we observe that the  Lojasiewicz exponent of X with an ADE-type singularity satisfies an inequality
L0(X) ≤ l(IP ) where IP is a “special” integrally closed ideal in OX,0 and ℓ(IP ) is its length (see Section
5). Using [24], we relate this special ideal with the polar curve of X .
When m > 2, X is no longer a hypersurface singularity. In Section 6, we define the  Lojasiewicz exponent
of a surface X in CN having a rational singularity of higher multiplicity. Using [12], we give a bound for
the  Lojasiewicz exponent of X when m = 3 (called RTP-type singularities in [3]). As in the ADE cases,
we also give a bound by establishing a relation between the  Lojasiewicz exponent and the length of an
ideal in OX,0.
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In Appendices A and B, we present respectively the equations and the  Lojasiewicz exponent of all ADE-
type singularities and all RTP-type singularities.
2. Integrally Closed Ideals in the Local Ring of a Rational Singularity
Let X be a germ of a normal surface in CN with a singularity at 0 and OX,0 be its local ring. An element
g ∈ OX,0 is said to be integral on an ideal I ⊂ OX,0 if it satisfies an equation
gn + a1g
n−1 + . . .+ an = 0
with ai ∈ Ii for all i = 1, . . . , n. Let I¯ denotes the set of all elements in OX,0 which are integral over I;
it is an ideal and called the integral closure of I in OX,0. We have I ⊆ I¯ ⊆
√
I. When I¯ = I we say that
I is an integrally closed ideal in OX,0 (see [23] for more details). In general, it is difficult to compute the
integral closure of an ideal. But, in case of monomial ideals, we have rather simple way to get it:
Proposition-Definition 2.1. [15, 26] Let J = {1, . . . , s} for some s ∈ N∗. Consider a monomial ideal
I =< cmjz
mj >j∈J in OCN ,0 where mj = (mj1, . . . ,mjN ) with zmj = zmj11 · · · zmjNN . The support set of
I is defined by
Supp(I) := {mj ∈ ZN≥0 | cmj 6= 0}
and the Newton polygon of I is the convex hull of the set
NP (I) :=
⋃
mj∈Supp(I)
(
mj +R
N
≥0
)
.
Then the integral closure I¯ of I is the ideal generated by the set
{zmj | mj ∈ NP(I) ∩ Zn≥0}.
Example 2.2. For an An-type singularity the Jacobian ideal J(X) = J(F ) is an M-primary inte-
grally closed ideal. The integral closures of the Jacobian ideal for DE-types are obtained as: J (Dn) =
(zn−21 , z1z2, z
2
2 , z3), J (E6) = (z31 , z22 , z21z2, z3), J (E7) = (z21z2, z31+3z22, z1z22 , z3), J (E8) = (z41 , z22 , z21z2, z3).
From now on, we assume that X is a surface in CN having a rational singularity at the origin (of
multiplicity m ≥ 2) and π : X˜ → X is the minimal resolution.
Let S denote the set of M-primary integrally closed ideals I in OX,0 such that the pullback IOX˜ of I
by π is invertible; equivalently, we have IOX˜ = O(−D) where D is a positive divisor supported on the
exceptional fibre E =
⋃n
i Ei of π. By [4] (see also [28]), E is normal crossing and each Ei is a rational
curve. Let us denote by Γ its dual graph.
Theorem 2.3. [16] The product of two integrally closed ideals in OX,0 is an integrally closed ideal in
OX,0.
Hence the set S is a semigroup with respect to the product. Furthermore, any element h in OX,0 defines
a divisor Dh such that (π ◦ h) = Dh + Th where Dh is the divisor supported on E and Th is the strict
transform of h by π. If we denote by νEi(h) the vanishing order of the divisor (π ◦h) of the pullback of h
along Ei, we have Dh =
∑n
i=1 νEi(h)Ei with νEi(h) ≥ 1 for all i and (Dh ·Ei) ≤ 0 for all i. Let us denote
by E(π) the set of the positive divisors Dh supported on E for all h ∈ OX,0. Conversely, to each positive
divisor D supported on the exceptional fibre E such that D · Ei ≤ 0 for all i, we associate un ideal ID
defined as the stalk at 0 of π∗OX˜(−D). The set E(π) is a semigroup with respect to the addition.
Theorem 2.4. [16] There exists a bijection between the semigroups S and E(π).
For two ideals I and J in S, we have IJOX = OX(−DI −DJ) with DI +DJ ∈ E(π). Moreover, E(π)
is a partially ordered set by ≤ defined as follows: For any D,D′ ∈ E(π) we say that D ≤ D′ whenever
νEi(D) ≤ νEi(D′) for all i = 1, . . . , n.
Definition 2.5. [8] Let I ∈ S. An element g ∈ I is called generic in I if νEi(g) ≤ νEi(h) for all h ∈ I
and i = 1, . . . , n.
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The order νEi(I) of an ideal is defined as
νEi(I) := inf{νEi(h) | h ∈ I}
Hence, for a generic element g in I, we have νEi(I) = νEi(g), so DI = Dg. This says that any ideal I in
S corresponds to an element DI ∈ E(π) via its generic element. The smallest element in E(π) is called
the Artin cycle DM of π and corresponds to the (generic element) maximal ideal M in OX,0, which is in
S.
We can find a generating set for the semigroup E(π) as follows: Fix an ordering on the irreducible
components of E. Let M(E) denotes the intersection matrix of E. Note that any element Dh =∑n
i=1 νEi(h)Ei in E(π) satisfies the equality:
M(E) · (νE1(h), νE2(h), . . . , νEn(h))t = (y1, y2, . . . , yn)t
for some (y1, y2, . . . , yn) where yi ≤ 0 for all i except at least one yi0 < 0 where i0 ∈ {1, . . . , n}. Denote
by δi the column matrix with coefficients 0 everywhere except in the i-th row, where the entry is −1.
Now consider the system M(E) · (mi1,mi2, · · · ,min)t = δi. Put F ′i =
∑n
j=1mijEj . We have mij ∈ Q+
for all i, j. Let us write F ′i as F
′
i = ki · Fi for (smallest) ki ∈ Q+ such that the coordinates of the Fi
are positive integers and relatively prime. Hence each Fi is an element of E(π) and, there exists a subset
G(π) := {F1, . . . , Fn} of E(π) such that each element in E(π) can be written as a linear combination of
the elements of G(π) with coefficients in Q+. An element of G(π) is called a Q-generator for E(π). The
elements in S corresponding to the Q-generators of E(π) are called the simple ideals in S.
Example 2.6. The Q-generators of the corresponding semigroup E(π) for ADE-singularities and RTP-
singularities are given by ∗ in the appropriate tables in Appendices A and B.
Notation. For simplicity, a divisor D ∈ E(π) will be sometimes denoted by (νE1(D), . . . , νEn(D)) with
respect to a fixed ordering of Ei’s.
3.  Lojasiewicz exponent of an Ideal
In this section, we will define the  Lojasiewicz exponent of an ideal I in S with respect to another ideal J
in S. Using the informations about the behaviour of the elements of S through the minimal resolution,
we will define the  Lojasiewicz exponent of the surface in the next section.
Proposition-Definition 3.1. [15, 7] Let I, J be two ideals in OX,0. The  Lojasiewicz exponent of I with
respect to J is given by
L(I, J) := min{a
b
| a, b ∈ Z≥1, Ja ⊆ Ib}.
For the ideals in S we can use Theorem 2.4 to rewrite the inclusion at the right hand side of the Proposition
in terms of the associated divisors through their generic elements:
Proposition 3.2. For an element I ∈ S, we have
L0(I) := L(I,M) = min{a
b
| a, b ∈ Z≥1, a ·DM ≥ b ·DI}
The previous discussion permits us to deduce:
Proposition 3.3. Let I ∈ S. The  Lojasiewicz exponent L0(I) is given by
L0(I) := nmax
i=1
{
νEi(DI)
νEi(DM)
}
In particular, we have L0(M) = 1.
Corollary 3.4. Let I, J ∈ S. Then we have L(I, J) ≥ L0(I)L0(J) .
Proof. Let L0(J) = nmax
i=1
{
νEi(DJ )
νEi(DM)
}
=
νEk(DJ)
νEk(DM)
. In this case
L0(I)
L0(J) =
n
max
i=1
{
νEi(DI)
νEi(DM)
}
νEk (DJ )
νEk (DM)
=
n
max
i=1
{
νEk(DM)νEi(DI)
νEk(DJ )νEi(DM)
}
≤ nmax
i=1
{
νEi(DI)
νEi(DJ )
}
= L(I, J). 
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Lemma 3.5. For I, J ∈ S we have
L(I, J) ≥ (DI ·DI)
(DI ·DJ)
Proof. By [4], the number −(DI ·DI) equals the multiplicity e(I) of the ideal I in S. By [25], we have
L(I, J) ≥ e(I)
e1(I|J)
. Here e1(I | J) represents the mixed multiplicity of the ideals I, J ∈ S which is given
by
e1(I | J) = 1
2
(e(IJ)− e(I)− e(J))
Since e(IJ) = −(DI +DJ) · (DI +DJ), we have e1(I | J) = −(DI ·DJ). 
Proposition 3.6. For I1, I2, J ∈ S, we have
L(I1I2, J) = L(I1, J) + L(I2, J)
Proof. From the previous discussion we have:
L(I1I2, J) = nmax
i=1
νEi(DI1I2)
νEi(DJ)
=
n
max
i=1
νEi(DI1 +DI2)
νEi(DJ )
=
n
max
i=1
νEi(DI1) + νEi(DI2)
νEi(DJ)
=
n
max
i=1
νEi(DI1)
νEi(DJ)
+
n
max
i=1
νEi(DI2)
νEi(DJ )
= L(I1, J) + L(I2, J)

Proposition 3.7. For any k ∈ N∗ and I ∈ S we have
L0(Ik) = k · L0(I)
Proof. It follows from the fact that the divisor E(π) of the ideal Ik is kDI . 
4. Polar Curve of ADE-type Singularities
Consider a linear projection p′ : CN −→ C2 such that its kernel H is an (N − 2)-dimensional linear
subspace of CN . Assume that H is transversal to the tangent cone of the surface X at 0. Then the
projection p′ induces a finite morphism p : X −→ U where U is an open neighbourhood of 0 in C2. When
the degree of p equals the multiplicity of the singularity of X , p is called a generic projection of X . By
[24], the closure in X of the set
P (H) := {ξ ∈ X | ξ is nonsingular point and dim(TX,ξ ∩H) ≥ 1}
is called the polar curve of X . In other words, for a generic choice of H , the polar curve is the closure of
the critical locus of p to the nonsingular part of X . The polar curve P (H) is a reduced analytic curve.
Set P (H) = ∪qj=1Pj where Pj is the irreducible component of P (H). To determine the points on the
exceptional fibre E where the strict transform of P (H) by the minimal resolution π passes through is an
open question except for rational minimal singularities, proved in [22] and, for ADE-type singularities,
proved in [10, 21]. We interpret this question as follows: Can we relate some elements of E(π) with some
elements inM defining P (H) of a rational singularity? Such a question seems important as the following
example shows: Let X be a surface in C3 having an E8-type singularity. Denote by f(z1, z2, z3) = 0 its
defining equation, given in the table in Appendix A. The polar curve P (H) is defined by the system of
equations
f(z) = 0
p(z) : = a1
∂f
∂z1
+ a2
∂f
∂z2
+ a3
∂f
∂z3
= 0
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where (a1 : a2 : a3) ∈ P2. First, consider the functions gi(z1, z2, z3) = zi in M (i = 1, 2, 3). Following
the blow-up process of the singularity, we get the divisors π∗(gi) as Dg1 := (2, 4, 6, 5, 4, 3, 2, 3), Dg2 :=
(2, 4, 6, 5, 4, 3, 2, 3) and Dg3 := (2, 4, 6, 5, 4, 3, 2, 3) according to the ordering taken as
E1 E2 E3 E4 E5 E6 E7
E8
Now consider the ideal J (X) :=< f, ∂f
∂z1
, ∂f
∂z2
, ∂f
∂z3
>. Hence DJ := Dp = (5, 10, 15, 12, 9, 6, 3, 8) since
Dp = min{4Dz1, 2Dz2 , Dz3} (see [5] for details). Since (p ◦ π) = Dp + Tp the strict transform Tp of
the polar curve P (H) by π intersects the irreducible components Ei’s with (Dp · Ei) < 0. We have
(Dp · Ei) = 0 for all i except E8 for which (Dp · E8) = −1. By [5, 11], the polar curve P (H) defined by
p is an irreducible curve and its strict transform Tp passes through the unique irreducible component of
the exceptional divisor with coefficient 8 in Dp.
Definition 4.1. The divisor Dp described above is called the polar divisor.
The polar divisor for an hypersurface X of An-type, which is among the rational minimal singularities,
is obtained as
Dp(A
e
n) = (1, 2, 3, . . . , k − 1, k, k, k − 1, . . . , 3, 2, 1), Dp(Aon) = (1, 2, 3, . . . , k, k + 1, k, . . . , 3, 2, 1).
with respect to n even or odd; by [22], in the first case, the strict transform Tp passes through the
intersection point of two irreducible components in the middle of the graph, while, in the second case, it
intersects the unique irreducible component in the middle of the graph.
Using [21], the polar divisors in the case of Dn are obtained as
Dp(D
e
n) = (k, 2k, 2k − 1, . . . , 2, 1, k), Dp(Don) = (k, 2k, 2k − 1, 2k − 2, . . . , 4, 3, 2, k), (k ≥ 2)
for n = 2k and n = 2k + 1 respectively. As before, the irreducible components Ei for which Dp · Ei < 0
carry the strict transform Tp by π in both cases. In the cases of E6 and E7 singularities, the polar divisor
Dp is given in the appropriate table in Appendix A.
Now, we want to relate the computation of the  Lojasiewicz exponent for X with Dp, means with the
divisor DJ , so with the ideal J (X).
5.  Lojasiewicz exponent and Length of the Polar Ideal
Throughout this section, we assume that X is a surface in C3 with an ADE-type singularity. We will show
that the  Lojasiewicz exponent of X is related to the length of the polar ideal. The idea to establish such
a relation comes from [24]. We know that the  Lojasiewicz exponent L0(X) depends only on the analytic
type of X . Here we will try to see whether there exists some ideals in OX,0 such that L(I, J) = L0(X).
Proposition 5.1. There exists an element g ∈ OX,0 such that L0(X) = L0(I) where I is the ideal for
which g is the generic element.
Proof. For An-type singularity, we have L0(An) = n. Since the Artin cycle is reduced, means νM(Ei) = 1
for all i, by Proposition 3.3, the biggest coefficient νDI (Ei) in each DI ∈ E(π) gives the  Lojasiewicz
exponent of the corresponding ideal I in S. In particular, we have L0(I) = n for the ideal I ∈ S obtained
from the Q-generator DI = (1, 2, 3, . . . , n− 1, n) of E(π).
For Dn-type singularity, L0(Dn) = n−2. Fix the ordering E1 E2 E3 E4 . . . En−2 En−1
En
. The
divisor DI = (n− 3, n− 1, n− 2, . . . , 3, 2, n−12 ) (resp. DI = (n−22 , n− 2, n− 3, . . . , 3, 2, 1, n−22 )) for n odd
(resp. for n even) in E(π) give both the ideal for which L0(I) = n− 2. The reader can see Appendix A
for the E-types singularities. 
Recall that the length of an ideal in a ring R is the dimension of R/I over the field k. In OX,0, each
M-primary ideal has finite length; in particular, its maximal ideal M has length 1. For I ∈ S, let us
denote by ℓ(I) := dimC(OX,0/I) the length of I in OX,0.
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Theorem 5.2. [30] The length of I ∈ S is given by
ℓ(I) =
−(DI ·DI)−
∑n
i=1 νEi(DI)(wi − 2)
2
where wi = −E2i for all i.
Notation. We sometimes use ℓ(DI) for ℓ(I) and call it ”the length of the divisor DI”.
Proposition 5.3. We have L0(X) ≤ ℓ(Dp).
In fact, by the discussion above, when X is of type An or Dn, we obtain ℓ(Dp) =
n
2 and ℓ(Dp) =
n+1
2
when n = 2k and n = 2k + 1 respectively. In the case of E8-type singularity, we have Dp ≤ 4 · Z; hence
M4 ⊂ Dp; then ℓ(Dp) = 4. In other cases, the length of Dp is given in the appropriate table in Appendix
B.
Remark 5.4. The length of the polar ideal J (X) is the Tjurina number of the surface X , which is the
same as the Milnor number in the surface case.
Remark 5.5. The fact that J1 ⊆ J2 implies DJ1 ≥ DJ2 . So ℓ(J1) ≥ ℓ(J2) and L(J1, I) ≥ L(J2, I).
However, if J1 is not contained in the increasing sequence of J2 then we may get ℓ(J1) ≥ ℓ(J2) with
L(J1, I) < L(J2, I). In particular, even if ℓ(J1) = ℓ(J2) we may have L(J1, I) 6= L(J2, I) (see the tables
in Appendix A).
Theorem 5.6. Let G1, . . . , Gn be the generating divisors of E(π) over Q.
L0(X) ≤ min{k ∈ Q>0 | Gi ≤ k ·DM, ∀i = 1, . . . , r}
6.  Lojasiewicz exponent of rational singularities of higher multiplicity
Assume that X ⊂ CN is a surface with a rational singularity at the origin of multiplicity m > 2. By
[4], the multiplicity m equals N − 1 and is given by −(DM · DM). Moreover, by [29], X is defined by
q := (N−1)(N−2)2 equations. In other words, there exists q germs of holomorphic functions fi : C
N → C
so that the fiber of
(f1, f2, . . . , fq) : C
N → Cq
over 0 is X with multiplicity N − 1 at 0. Put I :=< f1, . . . , fq >. In this general case, to establish
a connection with the case of muiltiplicity 2 studied in the previous section, we define the  Lojasiewicz
exponent of X as follows: Consider all the (N − 2)× (N − 2) minors of the Jacobian matrix ( ∂fi
∂zj
)i,j and
denote by g1, . . . , gs their determinants where s :=
(
N
N−2
)(
q
N−2
)
. The polar curve P (H) is defined by the
system of equations f1, f2, . . . , fq, g1, . . . , gs. Put
Jac := (f1, f2, . . . , fq, g1, . . . , gs) : C
N → Cq+s
Definition 6.1. The dimension of C[x1, . . . , xN ]/ < f1, f2, . . . , fq, (
∂fi
∂zj
)i,j > as a vector space over C is
known as the Tjurina number of X , denoted by t0(X) [20].
Remark 6.2. The length of the Jacobian ideal J (X) (or the divisor DJ ) is the Tjurina number of X ,
which is the dimension of the base of a semiuniversal deformation of the singularity.
Definition 6.3. The  Lojasiewicz exponent of X in CN is defined as the  Lojasiewicz exponent of Jac
with respect to the maximal ideal M in OX,0, denoted as L0(X) = L0(Jac).
Example 6.4. From the list of the rational singularities of multiplicity 3 given in [3] (see Appendix B),
let us consider the surface X of E6,0-type defined by the equations:
z23 − z2z4 =0,
z21z3 − z22z4 − z24 =0,
z3z4 + z3z
2
2 − z21z2 =0
in C4. Hence the polar curve is defined by
J (E6,0) =< f1, f2, f3, Jij(z1z2), Jij(z1z3), Jij(z1z4), Jij(z2z3), Jij(z2z4), Jij(z3z4) >
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with i, j = 1, 2, 3 and i 6= j where Jij(z1z2) = ∂fi∂z1
∂fj
∂z2
− ∂fi
∂z2
∂fj
∂z1
. Then the groebner basis of the Jacobian
ideal J (E6,0) is obtained as:
z24 , z3z4, z
2
3 − z2z4, z22z4 − 2z24 ,
z1z2z4, z
2
1z4 − 4z2z3z4, z22z3 − 2z3z4, z1z2z3,
z21z3 − 3z24 , z32 + 3z2z4, z1z22 , z21z2 − z22z3 − z3z4,
z41
It is hard to compute the integral closure of the ideal J (E6,0). However we can still make use of the
formula given in Definition 3.1 in order to get an estimation on £0(Jac): if for some p, q ∈ Z≥1 we
have Mp ⊆ J (E6,0)q, then this implies that £0(X) ≤ pq since J (E6,0)q ⊆ J (E6,0)q. Using Singular to
check the inclusion mp ⊆ J (E6,0)q, we obtain m4 ⊆ J (E6,0) but m3 * J (E6,0). So, we can say that
£0(X) ≤ 4.
On the other hand, the Tjurina number of E6,0 equals 13. Computing all the elements of E(π) by Laufer’s
algorithm, we obtain only two divisors with length 13, which are (3, 8, 12, 10, 8, 5, 6) and (3, 8, 13, 11, 8, 4, 7)
with
E1 E2 E3 E4 E5 E6
E7
. We conclude that £0(E6,0) ≤ 4 (see the appropriate table in Ap-
pendix C).
Among the two divisors above, the one which corresponds to the polar curve on the surface, means the
divisor Dpc will be treated in [5]. Here we relate £0(X) only with the Tjurina number t0(X) of X .
On the other hand, as it can be seen from the table in Appendix B, the rational singularities of 3 (also
many of those of multiplicity > 3) are defined by nice equations that permits us to give a bound for the
 Lojasiewicz exponent of the surface.
Definition 6.5. A map F = (f1, . . . , fk) : C
N −→ Ck is called quasi-homogeneous if there exists
w ∈ (R+ − {0})N and d ∈ (R+ − {0})k such that, for each i, we have:
fi(λ
w1z1, λ
w2z2, . . . , λ
wN zN) = λ
difi(z1, z2, . . . , zN)
where w = (w1, . . . , wN ) and d = (d1, . . . , dk).
Remark 6.6. A rational singularity of multiplicity 3 (an RTP-type singularity for short) is defined by 3
quasi-homogeneous equations in C4.
Theorem 6.7. Let F = (f1, f2, f3) : C
4 −→ C3 be a quasi-homogeneous map germ with the weight
w = (w1, w2, w3, w4) ∈ Z4>0 and the quasi-degree d = (d1, d2, d3) ∈ Z3>0. Assume that F−1(0) = {0} and
that the ideal < f1, f2, f3 > defines a rational singularity of multiplicity 3 (given in Appendix B). Then
min{d1, d2, d3}
min{w1, w2, w3, w4} ≤ L0(F ) ≤
max{d1, d2, d3}
min{w1, w2, w3, w4}
Proof. It is a special case of Proposition 2.4 in [12]. 
Hence a bound on the  Lojasiewicz exponent of a surface X of an RTP-type singularity will be given in
the tables in Appendix B.
Remark 6.8. The map Jac associated with the Jacobian ideal of an RTP-singularity is quasi-homogeneous.
Hence
F = (f1, f2, f3, g1, g2, g3, g4, g5, g6) : C
4 −→ C9
7. Appendix A
In the following tables, we list up all the Q-generators, marked by *, (in some cases, we add only few of
Z-generators which are needed) of the corresponding E(π).
Observation 7.1. Denote by µ0(X) the Milnor number of an ADE-type singularity. We have
L0(X) = min
I∈S
{L0(I) | ℓ(I) ≥ µ0(X)}
if the minimum is attained by a Q-generator in E(π); otherwise, the inequality on the right hand side is
strict.
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Table 1. For E6
Q-generators l(I) L0(I)
Dz1 = (1, 2, 3, 2, 1, 2)∗ 1 1
Dz2 = (2, 3, 4, 3, 2, 2) 2 2
Dp : Dz3 = (2, 4, 6, 4, 2, 3)∗ 3 2
(4, 5, 6, 4, 2, 3)∗ µ0(E6) = 6 4
(2, 4, 6, 5, 4, 3)∗ µ0(E6) = 6 4
(5, 10, 12, 8, 4, 6)∗ 15 5
(4, 8, 12, 10, 5, 6)∗ 15 5
Table 2. For E7
Q-generators l(I) L0(I)
Dz1 = (2, 3, 4, 3, 2, 1, 2)∗ 1 1
Dz2 = (2, 4, 6, 5, 4, 2, 3)∗ 2 2
(2, 4, 6, 5, 4, 3, 3)∗ 3 3/2
(3, 6, 8, 6, 4, 2, 4)∗ 3 2
Dp : Dz3 = (3, 6, 9, 7, 5, 3, 5) 4 3
(4, 8, 12, 9, 6, 3, 6)∗ 6 3
(4, 8, 12, 9, 6, 3, 7)∗ µ0(E7) = 7 7/2
(6, 12, 18, 15, 10, 5, 9)∗ 15 5
Table 3. For E8
Q-generators l(I) L0(I)
Dz1 = (2, 4, 6, 5, 4, 3, 2, 3)∗ 1 1
Dz2 = (4, 7, 10, 8, 6, 4, 2, 5)∗ 2 2
(4, 8, 12, 10, 8, 6, 3, 6)∗ 3 2
Dp : Dz3 = (5, 10, 15, 12, 9, 6, 3, 8)∗ 4 8/3
(6, 12, 18, 15, 12, 8, 4, 9)∗ 6 3
(7, 14, 20, 16, 12, 8, 4, 10)∗ 7 7/2
(7, 14, 21, 17, 13, 9, 5, 11) µ0(E8) = 8 11/3
(8, 16, 24, 20, 15, 10, 5, 12)∗ 10 4
(10, 20, 30, 24, 18, 12, 6, 15)∗ 15 5
8. Appendix B
The defining equations of an RTP-type singularity are given by Tjurina in [27]. We list them in the
following table:
RTP-type Equations RTP-type Equations
Ak−1,ℓ−1,m−1 xw − ymw − yℓ+m = 0 Ck−1,ℓ+1 xz − ykw = 0
k, ℓ,m ≥ 1 zw + yℓz − ykw = 0 k ≥ 1, ℓ ≥ 2 w2 − xℓ+1 − xy2 = 0
xz − ym+k = 0 zw − xℓyk − yk+2 = 0
Bk−1,n xz − yk+ℓ − ykw = 0 Bk−1,n xz − ykw = 0
n = 2ℓ > 3 w2 + yℓw − x2y = 0 n = 2ℓ− 1 ≥ 3 zw − xyk+1 − yk+ℓ = 0
zw − xyk+1 = 0 w2 − x2y − xyℓ = 0
Dk−1 xz − yk+2 − ykw = 0 Fk−1 xz − ykw = 0
k ≥ 1 zw − x2yk = 0 k ≥ 1 zw − x2yk − yk+3 = 0
w2 + y2w − x3 = 0 w2 − x3 − xy3 = 0
Hn z
2 − xw = 0 Hn z2 − xyk+1 − xyw = 0
n = 3k zw + ykz − x2y = 0 n = 3k + 1 zw − x2y = 0
w2 + ykw − xyz = 0 w2 + ykw − xz = 0
Hn z
2 − xw = 0 E6,0 z2 − yw = 0
n = 3k − 1 zw − x2y − xyk = 0 zw + y2z − x2y = 0
w2 − ykz − xyz = 0 w2 + y2w − x2z = 0
E0,7 z
2 − yw = 0 E7,0 z2 − yw = 0
zw − x2y − y4 = 0 zw + x2z − y3 = 0
w2 − x2z − y3z = 0 w2 + x2w − y2z = 0
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In each of these cases the equations are quasi-homogeneous; their weights and degrees are given in the
following table:
RTP Weights Degrees L0(X)
Ak,ℓ,m (m, 1, k, ℓ) (k + ℓ,m+ k,m+ ℓ) m+ℓ ≤ L ≤ k+ℓ, k ≥ ℓ ≥ m ≥ 1
Bk−1,2ℓ (2ℓ− 1, 2, 2k + 1, 2ℓ) (2k + 2ℓ, 2k + 2ℓ+ 1, 4ℓ) k + ℓ ≤ L ≤ 2ℓ, k ≥ ℓ, ℓ ≥ 2
Bk−1,2ℓ−1 (2ℓ− 2, 2, 2k + 1, 2ℓ− 1) (2k + 2ℓ− 1, 2k + 2ℓ, 4ℓ− 2) 2ℓ ≤ L ≤ k + ℓ+ 12 , k > ℓ, ℓ ≥ 2
Ck−1,ℓ+1 (2, ℓ, k.ℓ+ ℓ− 2, ℓ+ 1) (k.ℓ+ ℓ+ 1, k.ℓ+ 2ℓ, 2ℓ+ 2) 3 ≤ L ≤ k + 2, k, ℓ ≥ 2
Dk−1 (4, 3, 3k+ 2, 6) (3k + 6, 3k + 8, 12) 4 ≤ L ≤ 143 , k ≥ 2
Fk−1 (6, 4, 4k+ 3, 9) (4k + 9, 4k + 12, 18)
9
2 ≤ L ≤ k + 3, k ≥ 3
H3k−1 (3k − 3, 3, 3k− 2, 3k − 1) (6k − 4, 6k − 3, 6k − 2)
H3k (3k − 2, 3, 3k− 1, 3k) (6k − 2, 6k − 1, 6k) 6k−43 ≤ L ≤ 6k−23 , k ≥ 2
H3k+1 (3k − 1, 3, 3k+ 1, 3k) (6k + 2, 6k + 1, 6k)
E6,0 (5, 4, 6, 8) (12, 14, 16) 3 ≤ L ≤ 4
E0,7 (9, 6, 10, 14) (20, 24, 24) 10/3 ≤ L ≤ 4
E7,0 (5, 6, 8, 10) (16, 18, 20) 16/5 ≤ L ≤ 4
9. Appendix C
To support the claim of the theorems above, we introduce only two cases among RTP-type singularities:
Table 4. E6,0
Q-generators l(I) L0(I)
(1, 3, 4, 3, 2, 1, 2)∗ 1 1
(2, 3, 4, 3, 2, 1, 2)∗ 2 2
(2, 6, 10, 9, 6, 3, 5)∗ 8 3
(2, 6, 10, 9, 8, 4, 5)∗ 11 4
(3, 8, 12, 10, 8, 5, 6) t0(E6,0) = 13 4
(3, 8, 13, 11, 8, 4, 7) t0(E6,0) = 13 4
(2, 6, 10, 9, 8, 7, 5)∗ 20 7
(4, 12, 20, 15, 10, 5, 10)∗ 28 5
(4, 12, 20, 15, 10, 5, 13)∗ 37 13/2
Table 5. E7,0
Q-generators l(I) L0(I)
(1, 3, 5, 4, 3, 2, 1, 3)∗ 1 1
(2, 6, 10, 8, 6, 4, 2, 5)∗ 4 2
(4, 7, 10, 8, 6, 4, 2, 5)∗ 8 4
(2, 6, 10, 9, 8, 7, 6, 5)∗ t0(E7,0) = 14 6
(4, 10, 16, 14, 11, 8, 5, 8) t0(E7,0) = 14 5
(3, 9, 15, 13, 11, 9, 5, 8) t0(E7,0) = 14 5
(4, 12, 18, 15, 12, 8, 4, 9) 16 4
(4, 12, 20, 18, 16, 14, 7, 10)∗ 33 7
(7, 21, 30, 24, 18, 12, 6, 15)∗ 49 7
(6, 18, 30, 27, 24, 16, 8, 15)∗ 57 8
(8, 24, 40, 36, 27, 18, 9, 20)∗ 86 9
Observation 9.1. Denote by t0(X) the Tjurina number of an RTP-type singularity. We have
L0(X) ≤ min
I∈S
{L0(I) | ℓ(I) ≥ t0(X)}
if the minimum is attained by a Q-generator in E(π); otherwise, the inequality on the right hand side is
strict.
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